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Chapter 1 - Functions of Two Variables

Chapter 1 - Question 1

Find the domains of the following functions of two variables.

@) f(z,y) = ———

Nz
(b) f(z,y) = /(z—1)(2+y)
() f(z,y) =In (4 g2 y2>

(d) f(z,y) = ﬁw
() f(w,y) =vVy—a+1
1
(f) f(z,y) = \/—x—y
(@) f(z,y) = logy (2 + 4~ 9)

(a) Finding the domain of f(x,y) = —= 1
2

Tip : Understanding Constraints

- Whenever we have a square root y/something, the thing inside must be zero
or positive (never negative), otherwise, the function is not defined.

« A denominator must never be zero, because division by zero is not allowed.
(& )

Step 1: Identify constraints
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The denominator contains a square root, so we impose the conditions:
2 —1>0

2 —140

Step 2: Solve the first constraint using a sign chart
Rewriting the inequality:

Factoring:

Solving using a sign chart:

7 —1 1
(x —1) —| = |—=10+
(x+1) — 1 0 |+ |+ |+
(x—1)(x+1)|+| 0 |—]0|+

From the sign chart, (z — 1)(x + 1) > 0 means:

r< -1 or z>1

Step 3: Solve the second constraint

2 —1+40
This means:
(x—1)(x+1)#0

So we must exclude x = +1.

Step 4: Combine the two conditions

* FromStep2: z < —lorxz > 1.
« From Step 3: © #% —1l and = # 1.

Since both conditions must be true at the same time, we remove x = =1, giving:
r<-—1 or x>1

Since there are no restrictions on y, it can be any real number.



Final Domain:
{(x,y) eR? |z < —lorz>1, yeR}

Graphical Representation:

Tip : Understanding Vertical and Horizontal Lines

- The equation z = a represents a vertical line at x = a because every point
on this line has the same x-value while y can be anything.

- The equation y = a represents a horizontal line at y = a because every

point on this line has the same y-value while x can be anything.
(& J

The valid domain is highlighted in green, while the excluded points (x = =£1) are
marked with red lines.

Theverticalred linesatz = 1and x = —1 indicate that these values are excluded
from the domain.

Answer: The domain is {(z,y) € R? |z < —lorz > 1,y € R}.

(b) Finding the domain of f(z,y) = +/(z —1)(2+y)

Step 1: Identify constraints
Since the expression under the square root must be non-negative:

(x—12+y) >0

Step 2: Solve the inequality by analyzing cases
The inequality we need to solve is:

(z—1)(24+y) 20



Since this is a product of two factors, it is non-negative when:

« Both factors are positive:

r—1>0 and 24y>0 = zx>1 and y > —2.

- Both factors are negative:

r—1<0 and 24y<0 = <1 and y < -2

Final Domain:

{(z,y) eR?* | (z > 1,y > —2)or(z < 1,y < —2)}

Graphical Representation:
The valid domain is highlighted in green.

= \V] w =~ ot
. . . .
f f f

Answer: The domain is {(z,7) € R? | (z > 1,y > —2)or (z < 1,y < —2)}.

(c) Finding the domain of f(z,y) = In(4 — 22 — ¢?)

Tip : Understanding Logarithm Constraints

The expression inside a logarithm ln(something) must be strictly positive
(greater than zero). It cannot be zero or negative.

Step 1: Identify constraints
Since the logarithm must have a positive argument:

4—2?—y? >0



Step 2: Solve the inequality
Rearrange:
4>+ 92

Tip : Understanding Circle Equations

- The equation z2 + y2 = -2

r.

represents a circle centered at (0, 0) with radius

- If the inequality is 22 + y2 < 2, it represents the inside of the circle.

- If the inequality is 22 + y2 > 2, it represents the outside of the circle.

A J

Hence, this represents a circle centered at (0, 0) with radius 2, but the inequality is
strict (<), meaning the points on the circle’s edge are not included in the domain.

Final Domain:
{(z,y) e R* | 2? + ¢ < 4}

Graphical Representation:
The valid domain is highlighted in green, while the excluded circle boundary is
marked in red.

Answer: The domain is {(z,y) € R? | 22 + ¢* < 4}.



(d) Finding the domain of f(z,y) = - +;_2

Tip : Understanding Denominator Constraints

A denominator must never be zero, because division by zero is undefined.

Step 1: Identify constraints
Since the denominator cannot be zero, we impose the condition:

r+y—2+#0

Step 2: Solve for the excluded values
Rearrange the equation:

y#F2—ux

Tip : Understanding Linear Equations

An equation of the form y = mx + b represents a straight line with slope m and
y-intercept b.

Hence, this equation represents a straight line y = 2 — x. Every point on this line is
excluded from the domain.

Final Domain:
{(z,y) eR? |y #2 -z}

Graphical Representation:

The valid domain is highlighted in green, while the excluded line y = 2—x is marked
in red.

© 2025 Samkedemia. All Rights Reserved



Y= 2=

i

—4 —3 =2 =l 1 2 3 4
=1
—2

Answer: The domain is {(z,y) € R? | y # 2 — z}.

(e) Finding the domainof f(z,y) =y —z +1

Step 1: Identify constraints
Since the square root must have a non-negative argument:

y—xz+1>0
Step 2: Solve for the valid region

Rearrange the inequality:
y>r—1

Tip : Understanding Linear Equations

- An equation of the form y = max + b represents a straight line with slope
m and y-intercept b.

- When the inequality is y > max + b, the valid region is above or on the line.

- When the inequality is y < mx + b, the valid region is below or on the line.

- J

Hence, this represents the region above oron the line y = x—1, since the inequality
includes >, meaning points on the line itself are included in the domain.

Final Domain:
{(z,y) eR? |y > 2 — 1}

10



Graphical Representation:
The valid domain is highlighted in green.

Answer: The domain is {(z,y) € R? | y > = — 1}.

(f) Finding the domain of f(z,y) = \/Lm_y

Step 1: Identify constraints

Since we have both a square root and a denominator, we must check two conditions
separately:

« The expression inside the square root must be non-negative:

xy >0

« The denominator cannot be zero:

xy # 0

Step 2: Solve for the valid regions
The condition zy > 0 means z and y must have the same sign:

« If z > 0, then y > 0 (both positive or zero).
 If z < 0, then y < 0 (both negative or zero).

However, the additional condition xy # 0 means that we must exclude the x- and
y-axes (x = 0 and y = 0), since at least one variable being zero would make zy = 0.

1



Final Domain:

{(z,y) € R* | zy > 0}
This means the function is defined in the first and third quadrants, but the x- and
y-axes are excluded.
Graphical Representation: The valid domain is highlighted in green, while the ex-
cluded x- and y-axes are marked in red.

4

Answer: The domain is {(z,y) € R? | zy > 0}

(g) Finding the domain of f(z,y) = logy(z? + 32 — 9)

Step 1: Identify constraints
Since the logarithm must have a positive argument:

x2+y2—9>0

Step 2: Solve the inequality
Rearrange:
2, .2
z*+y >9
This represents the outside of a circle centered at (0,0) with radius 3. Since the
inequality is strict (>), the points on the circle itself are not included in the domain.

Final Domain:
{(z,y) e R?* | 2% +¢* > 9}

12



Graphical Representation:
The valid domain is highlighted in green, while the excluded circle boundary is
marked in red.

Answer: The domain is {(z,7) € R? | 2% + 3> > 9}.

Chapter 1 - Question 2

13



Make the sign chart for the following continuous functions of two variables.
@) f(z, ):2x—3y—|—6

(b) f(z,y) = (z+1)2+¢% -1

) flz,y) =2% —ay+ax

(d) fz,y) = +y* -2

(@) flz.y) ==

In(z —
) F(z,y) = 2 - 2

(a) Finding the sign chartof f(x,y) =22 — 3y +6

Tip : Key Steps for Sign Charts

To determine where a function of two variables is positive or negative, follow
these three steps:

1. Find the domain - Check for any restrictions on x and y.

2. Find where the function is zero - Solve f(z, y) = 0 to identify zeroes. These
are going to serve as boundary lines or curves.

3. Find the sign in each region - Pick a test point in each region to determine

whether the function is positive or negative.
& J

Step 1: Find the domain
The given function is a linear equation, which is continuous and defined for all
(z,y) € R?, so the domain is:

R2

Step 2: Find where the function is zero

Setting f(x,y) = 0:
20 —3y+6=0

© 2025 Samkedemia. All Rights Reserved 14



Rearrange for y:

2+ 2
= —x
y=3

This is a straight line that separates the plane into two regions.

Tip : Understanding Sign Charts for Linear Functions

For a function of the form f(z,y) = ax + by + ¢
« The function is zero on the line ax + by + ¢ = 0.
- The function is positive on one side of the line and negative on the other.

- To determine which side is positive or negative, pick a test point (e.g., (0,0))

and check the sign of f(x,y).

- J

Step 3: Identify the sign in each region
We select a test point to determine the sign of f(z,y) in different regions.
« Test Point 1: (0,0)
f(0,0)=2-(0)—3-(0)+6=6>0
Hence, the region containing (0, 0) is positive (green area).
- Test Point 2: (—4, 4) (a point in the opposite region)
f(-4,4)=2-(-4)—-3-(4)+6=-14<0
Hence, the opposite region is negative (red area).

Answer: The green region represents where the function is positive, the red region
where it is negative, and the blue line where it is zero.

Yy
) 4 +
TP2
3 |
TP1 €T

15



(b) Finding the sign chart of f(z,y) = (v +1)° +y> — 1

Step 1: Find the domain
The given function is a quadratic expression in x and g, and it is defined for all
(z,y) € R?, so the domain is:

R2

Step 2: Find where the function is zero
Setting f(z,y) = 0:
(z+1)2+3y°—1=0
Rearrange:
z+1)2+42=1

This represents a circle centered at (—1,0) with radius 1.

Tip : Understanding Sign Charts for Quadratic Functions

For a function of the form f(z,y) = (expression)? + (expression)? — ¢:

« The function is zero on the boundary (circle) equation.

- The function is positive outside the boundary and negative inside.

- To verify, pick test points inside and outside the boundary.

A J

Step 3: Identify the sign in each region
We select a test point to determine the sign of f(x,y) in different regions.
» Test Point 1: (—1,0) (center of the circle)
F(-1,00=(-14+1)2+0°-1=-1<0
Hence, the region inside the circle is negative (red area).
- Test Point 2: (2,2) (a point outside the circle)
f2,2)=(2+1)2+22-1=12

Hence, the region outside the circle is positive (green area).

Answer: The green region represents where the function is positive, the red region
where it is negative, and the blue circle where it is zero.

16



(z+1)°+y*=1

L

(c) Finding the sign chartof f(z,y) = 2% — zy +

Step 1: Find the domain
The given function is a quadratic polynomial in = and y, which is defined for all
(z,y) € R?, so the domain is:

R2

Step 2: Find where the function is zero

Setting f(x,y) = 0:

x2—:z:y+:z::0

Factorizing:
r(r—y+1)=0

This gives two boundary lines:
r=0 or y=ax+1
These lines separate the plane into different regions.

Step 3: Identify the sign in each region
We select test points to determine the sign of f(z,y) in different regions.

17



- Test Point 1: (1,0)
f(1,0)=1-04+1=2>0
Hence, the region containing (1, 0) is positive (green area).
- Test Point 2: (—1,2)
f(-1,2)=1+2-1=2>0
Hence, this region is also positive (green area).
- Test Point 3: (—2, —2)
f(=2,-2)=4-4-2=-2<0
Hence, this region is negative (red area).

- Test Point 4: (1, 3)
f(1,3)=1-3+1=-1<0
Hence, this region is also negative (red area).

Answer: The green region represents where the function is positive, the red region
where it is negative, and the blue lines where it is zero.

Y

(d) Finding the sign chartof f(z,y) = 2% +y° —x

Step 1: Find the domain

The function is a polynomial in z and y, which means it is defined for all (z, y) € R?,
so the domain is:
R2

18



Step 2: Find where the function is zero
Setting f(x,y) = 0:
z? + y2 — @ =

Tip : Rewriting Equations into Standard Circle Form

An equation of the form:
x2+y2+mx+ny+l:()
can be rewritten into the standard circle equation:
(z —a)® + (y — b)? = r?
where (a, b) is the center and r is the radius. To do this:
1. Group the z- and y-terms separately.
2. Complete the square on the variable that has a linear term.

3. Rewrite in standard circle form.

This helps us identify the center and radius of the circle.
(G )

We want to rewrite this equation in the standard form of a circle:
(x —a)®+ (y —b)* =r*

Since there is no linear y-term, we only need to complete the square for x. We
rewrite:

-z + y2 =0
To complete the square for 22 — z, we take half the coefficient of , square it, and
add/subtract:

1 1\? 1\? 1 1
2 2 2

¥ —r=0—2.Z .24 (Z) = ([Z) =(z=2)*=Z2
et 2 (2) (2) ( 2) 4

Substituting this into the equation:
1 1

1o 1 o 1o o 1
|

Thus, the function is zero along a circle centered at (%, 0) with radius 3.

Step 3: Identify the sign in each region
We select test points to determine the sign of f(z,y) in different regions.

19



- Test Point 1: (%, O> (center of the circle)

f<1 O) _ (1>2+02_1:1_1:_1<0
2’ ) 2 4 2 4
Hence, the region inside the circle is negative (red area).
- Test Point 2: (2,2) (outside the circle)
F(2,2)=22422-2=444-2=6>0

Hence, the region outside the circle is positive (green area).

Answer: The green region represents where the function is positive, the red region
where it is negative, and the blue circle where it is zero.

3,,

3L

(e) Finding the sign chartof f(z,y) = "Ey .

Step 1: Find the domain
Since the function involves both a square root and a denominator, we must analyze
both constraints separately.

20



Tip : Understanding Square Root and Denominator Constraints

__ y/something

For a function of the form f(z,y) = Jenominator:
« The expression inside the square root must be non-negative.
« The denominator cannot be zero.

Both conditions must hold at the same time.

-

- The square root constraint:

r—y=>20 = x2y

« The denominator constraint:

y#0

Since both conditions must be satisfied simultaneously, we conclude:
Domain: {(z,y) €R? |2 >y, y#0}

Step 2: Find where the function is zero
The function is zero when:

vr—y=0 = xz—y=0 = x=y
This means the function is zero along the line x = y.

Step 3: Identify the sign in each region
We test points from two valid regions to determine the sign of f(x,y).

- Test Point 1: (2, 1) (above the zero line)

f(2,1):—\/21_1:1>0

Hence, this region is positive (green area).

- Test Point 2: (1, —1) (below the zero line)

vi= (=1 \/5<0
- 1

1 —

f(l’ _1) =

Hence, this region is negative (red area).

21
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Tip

For a function of the form f(z,y)

- The argument of the logarithm must be strictly positive.

» The denominator cannot be zero.

Both conditions must be satisfied at the same time.

.

* The logarithm constraint

» The denom

Since both conditions must hold simultaneously, we conclude



Domain: {(z,y) e R* |z >y, y 0}

Step 2: Find where the function is zero
The function is zero when:

ln(z—y)=0 = z—-y=1 = y=x-1

Thus, the function is zero along the liney = = — 1.

Step 3: Identify the sign in each region
We select test points from the four valid regions to determine the function’s sign.

- Test Point 1: (—1, —1.5) (bottom-left region)

Hence, this region is positive (green area).

- Test Point 2: (1, —1) (bottom-right region)

F(1,—1) = In(1 :1(—1)) _ lilz -0

Hence, this region is negative (red area).

- Test Point 3: (3, 1) (top-right region)

f(3,1):w:ln2>0

Hence, this region is positive (green area).

- Test Point 4: (3,2.5) (topmost region)

_In(3—-25) In0.5
f(3,2.5) = o T <0

Hence, this region is negative (red area).

Answer: The green regions represent where the function is positive, the red regions
where it is negative, the blue line where it is zero, and the black-shaded region
(including the x-axis) shows where the function is not defined.

23
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Chapter 1 - Question 3
Solve the follow

(@) 2z +6 < 3y

(b) y >y -logyx

(a) Solving the inequality 22 + 6 < 3y

(7]
2
2

(1}
k-
=

s
=
.m

Solving Inequalities

Tip

.
.

follow these steps

To solve an inequality of the form f(x,y) <0,

Identify any restrictions on x and y

1. Find the domain

de, to get f(z,y) <O0.

: Move all terms to one si

2. Rewrite the inequali

Ine or curve.

l

ine the dividing

0 to determ

)

Y
4. Identify the solution region

: Solve f(z,

3. Find zeroes

d evaluate

10N an

Pick a test point in each reg

f(z,y) to determine where the inequality holds.

24
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Step 1: Find the domain

The given function is a linear equation, which is continuous and defined for all

(z,y) € R?. Hence, the domain is:
R2

Step 2: Rewrite the inequality
We express the inequality in the form f(x,y) < 0:

20 +6 -3y <0

This means we analyze the sign of the function:

flz,y) =2x+6 — 3y

Step 3: Find zeroes
Setting f(x,y) = 0:

2c+6—-3y =0
Solving for y:

2+ 2
— —g
Yy=3

This is a straight line that separates the plane into two regions. To determine which

side of the line satisfies the inequality, pick a test point and check its sign.

Step 4: Identify the solution region

We select a test point to determine the sign of f(z,y) in different regions.

- Test Point: (0,0)

£(0,0) = 2(0) + 6 — 3(0) =6 > 0
Since f(0,0) > 0, the region containing (0, 0) is not part of the solution.

- Test Point: (-3, 3)

f(=3,3)=2(-3)+6—-303)=—-64+6-9=-9<0

Since f(—3,3) < 0, this region satisfies the inequality.

Answer: The green region represents where the inequality f(x,y) < 0 holds, and
the dark green line represents the boundary where f(x,y) = 0.

25



(b) Solving the inequality y > ylog,

Step 1: Find the domain

Since the function involves log, =, we must ensure that x > 0 because the logarithm

is only defined for positive values of z. Thus, the domain is:

{(z,v) c R? |z > 0}

Step 2: Rewrite the inequality
Rewriting the given inequality:
y>ylogyx
Factor out y:
y(l — lOgQ SC) >0
This inequality is satisfied when:
y>0and1—logyx >0(i.e,z <?2)

cy<0and1—logyx <O0(e,z>2)

Step 3: Find zeroes
Setting f(x,y) = O:

y-(1—logyz)=0
This occurs when either:

y=0 or =2
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Thus, the boundary consists of the x-axis and the vertical line x = 2.

Step 4: Identify the solution region
We select test points to determine the sign of f(z,y) in different regions.

- Test Point 1: (1, 2) (left of x = 2, above y = 0)
f(1,2) =2(1 —logy1) =2(1—-0)=2>0
Hence, this region is positive (green area).
« Test Point 2: (3, 2) (right of z = 2, above y = 0)
f(3,2) =2(1 —logy3) =2(1 —logy3) <0
Since logy 3 > 1, this region is negative (red boundary).
« Test Point 3: (1, —2) (left of x = 2, below y = 0)
f(1,-2)=(-2)(1 —logy1) =—-2(1-0)=-2<0
Hence, this region is negative (red boundary).
« Test Point 4: (3, —2) (right of x = 2, below y = 0)
f(3,—2) =(—2)(1 — logy 3) = —2(1 — log, 3) >0

Since logy 3 > 1, this region is positive (green area).

Answer: The green region represents where the function is positive, red lines in-
dicate where the function is zero, and black lines indicate where the function is
undefined .

TP1 TP2

TP3 TP4
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Chapter 1 - Question 4

Graph the contour lines of levels —1, —0.5,0, 0.5, and 1 of the function
1
f(z,y) = pT—
on the (z,y)-plane.
& J

Tip : Steps for Finding Contour Lines

To find contour lines of a function f(x,y), follow these steps:
1. Find the domain - Determine where f(z,y) is defined.
2. Set up the contour equation - Solve f(x,y) = a for a general constant a.
3. Check when it exists - Identify which values of a lead to valid contour lines.

4. Draw the contour lines - Plot the contour lines for the given levels.
. J

Step 1: Find the domain
The function f(z,y) = #2 is undefined where the denominator is zero:

r+y—2=0 = y=2—-=z
Thus, the domain is:

{(z,y) eR* |z +y #2}

Step 2: Set up the contour equation
Contour lines correspond to solving f(z,y) = a for given values of a:

1

— =4 = +y—2)=1
s = alety-2)

Step 3: Check for existence
If a = 0, the equation is not defined, so no contour line exists. If a # 0, we can
divide by a and solve for y:

1
y=-—-T+2+ -
a
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Step 4: Plot the contour lines

We now plot the contour lines for different values of a:

n—==1 = g==w-rz—=1 = g==x41
a=-05 = y=—-2r+2-2 = y=-x
a=05 = y=-z+24+2 = y=-zx+4
a=1 = y=-xz+2+1 = y=-zxz+3
Since a = 0 leads to an undefined equation, no contour line exists for this case.

_5 A1
Answer: The contour lines are given by y = —x + 2 + %, where a # 0. There is no
contour line for a = 0 since the function is undefined in that case.
- J

Chapter 1 - Question 5

Graph the contour lines of levels —2, —1, 0, 1, 2 of the function

flz,y)=vVy—z+1

on the (z,y)-plane.
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Step 1: Find the domain
The function f(z,y) = /y — x + 1 involves a square root, which requires the ar-
gument to be non-negative:

y—r+1>20 = y>z-—-1

Thus, the domain is:
{(z,y) eR* |y >a —1}

Step 2: Set up the contour equation
Contour lines correspond to solving f(z,y) = a for given values of a:

yw=unrl=a = azzy—x—l—l

Step 3: Check for existence
If a < 0, the equation does not exist since the square root function is non-negative.
If a > 0, we can solve for y:

y=x—1+ a’
Step 4: Plot the contour lines

We now plot the contour lines for different values of a:

a=0 = y=z-—-1
a=1 = y=z-1+1 = y==x
a=2 = y=xz—1+4 = y=x+3

Since a < 0 is not possible, no contour lines exist for those cases.
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Answer: The contour lines are givenbyy =z — 1 + a2, where ¢ > 0. There are no
contour lines for a < 0 since the function is not defined for those values.

&

(N

Chapter 1 - Question 6

Graph the contour line of level 4 of the function

f(z,y) = logy(a® + y* - 9)
on the (x,y)-plane.

A J

Step 1: Find the domain
The function f(z,y) = logy(z? + y* — 9) is defined when its argument is positive:

:z:2+y2—9>0 = :L'2+y2>9

Thus, the domain consists of all points outside the circle 22 + 2 = 9.

Step 2: Set up the contour equation
Contour lines correspond to solving f(x,y) = a for given values of a:

.

.
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logy (2% +¢y° —9) = a

Rearranging:

Step 3: Check for existence
For the equation to be valid, the right-hand side must be positive, meaning:

29 >0
Since 2% is always positive for all real a, contour lines exist for all values of a.

Step 4: Plot the contour lines
We now plot the contour line for a = 4:

24:332+y2—9 = x2+y2:25

which represents a circle centered at (0, 0) with radius 5.

Answer: The contour line for a = 4 is given by 22 + y2 = 25, which is a circle of
radius 5 centered at (0, 0). Contour lines exist for all real a.
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